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Abstract—Microresonator modulators are commonly used as
electrical-optic (EO) logic gates in computing systems on silicon
photonics platform. In this article, we provide a compact analytical
model to describe the switching properties of a linearly cascaded
microresonator modulator array. The analytical model is verified
by simulations on commercial software. Switching properties of
microresonators under different modulation conditions are inves-
tigated. Furthermore, computing modules where microresonator
modulators are cascaded in series are also discussed, where the
model of microresonators is provided by AIM Photonics Process
Design Kit (PDK). Factors that deteriorate the logic outputs are
analyzed and methods to improve the accuracy of logic outputs are
proposed and demonstrated with 8 microresonator modulators.

Index Terms—Microresonator, logic gate, analytical model,
switching property, modulator array.

I. INTRODUCTION

U SING photonic integrated circuits (PIC) to do computing
has gained extensive attention recently [1]–[6]. The power

consumption and transmission bandwidth of silicon electron-
ics have been approaching the inevitable limits with difficul-
ties of scaling down transistors and on-chip metal intercon-
nects. A new generation of technology to continue Moore’s
law is demanded [7], [8]. Silicon photonics is believed to be
one promising alternative to convey and process information,
which is fast and compatible with complementary metal-oxide-
semiconductor (CMOS) fabrication process. One can integrate
electronic components and optical components on a single chip,
enable inner-chip communications between electronics and pho-
tonics, and realize some complex computing modules [9], [10].
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Optical microresonator modulators, especially microrings or
microdisks modulators are widely used in high-speed opti-
cal computing because of its small footprint and low power
consumption [11]–[15]. In digital computing, rings/disks have
been adopted as electrical-optic (EO) logic gates in different
digital subsystems like XOR gates, full adders, comparators,
encoders/decoders, and parity checkers [16]–[25]. For example,
architectures composed of microresonator modulator arrays are
proposed provided with experimental results of 2 cascaded
modulators at 500 Mb/s [2], [25]. Such microresonator-based
circuits claim to have a high computing speed up to tens or
hundreds of Gb/s thanks to numerous experimental demon-
strations of high-speed microresonator modulators [12], [14],
[15]. However, the dynamic behaviors of cascaded rings/disks
modulator arrays in these computing systems are essential
to the performance of the whole system and will determine
the feasibility of high-speed computing, which is not dis-
cussed in these works and will be investigated thoroughly
hereinafter.

There have been numerous works investigating the dynam-
ics of microresonator modulators modulated by sinusoidal
waves [26]–[31]. For example, some works [26], [28] use
time-dependent transfer matrix to obtain the transmission of
rings/disks using Neuman series. Other works [27], [29] obtain
the dynamic transmission via temporal coupled-mode theory
(TCMT). However, most of them focus on the dynamics of
microresonators under periodic modulation and small signal
model approximation are used. In optical computing, modula-
tors are driven by aperiodic large digital signals [20]. In addition,
the mathematical expressions of these models are also quite
complicated, which may prevent us from understanding the
switching properties of microresonator modulator array easily.
Therefore, a compact model suitable to analyze the performance
of microresonator modulators as EO logic gates should be
proposed.

Furthermore, multiple logic signals will be operated on cas-
caded microresonator modulators simultaneously in a comput-
ing subsystem. To the best of our knowledge, the dynamics of
cascaded microresonator modulators have not been discussed
before in the context of digital optical computing. Because
microresonator is a resonant structure, we should be cautious
when a linear array of microresonators are cascaded.

1077-260X © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications_standards/publications/rights/index.html for more information.

https://orcid.org/0000-0003-4501-2446
https://orcid.org/0000-0003-1020-8705
https://orcid.org/0000-0002-5705-2501
mailto:fengchenghao1996@utexas.edu
mailto:zfying@utexas.edu
mailto:zzhao.ee@gmail.com
mailto:rmital@utexas.edu
mailto:dpan@ece.utexas.edu
mailto:chenrt@austin.utexas.edu
http://ieeexplore.ieee.org


8302208 IEEE JOURNAL OF SELECTED TOPICS IN QUANTUM ELECTRONICS, VOL. 26, NO. 2, MARCH/APRIL 2020

Fig. 1. Schematic of a Ring Resonator.

In this paper, we first solve the exact analytical dynamics of
a ring resonator when it functions as EO logic gates in optical
computing. Our deduction is based on the transfer matrix model
and multiple-round loop approach. The ring is driven by NRZ
signals. The step response of rings is analyzed. A compact
formula is developed to describe the switching properties of
rings under different modulation conditions. Our model is then
verified via commercial simulation software. Then we focus
on switching properties of a single microring resonator. Fur-
thermore, computing systems where multiple microresonator
modulators are cascaded along with the factors that deteriorate
the logic output are discussed. Methods to increase accuracy
and improve the shape of output waveform are also proposed
as last.

II. THEORY

In this section, we will describe the switching dynamics of
waveguide-coupled microresonator modulator and take micror-
ing modulator as an example [32]. The schematic of a ring
resonator is illustrated in Fig. 1. The field relationships are [26]:

B(t) = r(t)A(t) + ik(t)D(t)

D(t) = C(t− τ)a(t)e−iφ(t)

C(t) = r(t)D(t) + ik(t)A(t) (1)

where A(t) is the input optical field at time t, τ is the resonator
round trip delay time. We suppose A(t) = A, a constant. At time
t, B(t) is the output optical field, a(t) is the attenuation after
each round-trip, and r(t), k(t) are the resonator transmission and
coupling coefficient for the coupler.

To obtain the output field B(t), Eq. (1) needs to be simplified.
It can be inferred from Eq. (1) that D(t) can be expressed by
B(t) and A(t), while C(t − τ ) can be expressed by D(t), After
eliminating fields in ring C(t) and D(t), one can have:

B(t) = r(t)A(t) +
k(t)

k(t− τ)

× (r(t− τ)B(t− τ)−A(t− τ))a(t)e−iφ(t) (2)

Here we consider the modulation of the refractive index,
where φ(t) is altered while a, r are constant. Using the multiple-
round loop approach [30], we can eliminate B on the right side of

Eq. (2) and expand B(t) in the series of A(t− kτ ). The expression
would be [28]:

B(t) = rA(t)−
∞∑

k=1

(
1

r
−r

)
(ra)ke

−i
k−1∑

m=0
φ(t−mτ)

A(t− kτ)

(3)
where the first term rA(t) is the instantaneous response of the
resonator, while the second term refers to response contributed
by the light coupled to the ring at time t−kτ .

We assume the electrical charging/discharging time of each
modulator is negligible. In optical computing, rings are mod-
ulated by digital NRZ signals. When refractive indexes are
modulated, phases of rings are then switched between two values
to represent logic 0 s and logic 1 s, respectively. Therefore, the
phase change when the ring is switched from φ0 to φ1 can be
treated as a step function with time t:

φ(t) =

{
φ0 t ≤ 0

φ1 t > 0
(4)

When, t ≤ 0 the microring is in steady state. B(t) can be
calculated directly using the transfer matrix method. We are
interested in B(t) when t > 0.

Here we divide light coupled out from the ring into two
categories when t = Nτ (N is a positive integer): light coupled
into the ring at t ≤ 0(k ≥ N) and light coupled into the ring at
t > 0(k < N). Substitute Eq. (4) into Eq. (3), one can obtain:

B(Nτ) = rA−
(
1

r
− r

)

×
(

N∑

k=1

(ra)ke−ikφ1 +

∞∑

k=N+1

(ra)ke−i(Nφ1+(k−N)φ0)

)
A

(5)

Equivalently, we can rewrite Eq. (5) as:

B(Nτ) = rA−
(
1

r
− r

)( ∞∑

k=1

(ra)ke−ikφ1

+(ra)Ne−iNφ1

∞∑

k=1

((ra)ke−ikφ0−(ra)ke−ikφ1)

)
A

(6)

Eq. (6) can be analytically solved by calculating geometric
series. The complete solution of transmission T(t = Nτ ) can
then be written as:

T (Nτ) =
B(Nτ)

A
=

r − ae−iφ1

1− rae−iφ1
+ (a− r2a)(ra)Ne−iNφ1

×
(

e−iφ1

1− rae−iφ1
− e−iφ0

1− rae−iφ0

)
(7)

where r−ae−iφ1

1−rae−iφ1
is the static transmission T (φ1) when the

round-trip phase change is φ1, which can be derived di-
rectly from the transfer matrix method. Eq. (7) is exactly the
same with T (φ1) if φ0 = φ1, which means the ring is in a
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steady state. We can make further simplifications to set a re-
lationship between static transmission and transient transmis-
sion. In Eq. (7), (ra)Ne−iNφ1 is a time-dependent term, while
(a− r2a)( e−iφ1

1−rae−iφ1
− e−iφ0

1−rae−iφ0
) is constant. One can simplify

the time-independent term using the following relationship:

T (φ) =
r − ae−iφ

1− rae−iφ
=r − (a− r2a)

e−iφ

1− rae−iφ
(8)

When t = Nτ , we can thus write T(Nτ ) as:

T (t) = T (φ1) + (T (φ0)− T (φ1))(ra)
t
τ ei

φ1t
τ (9)

Eq. (9) sets a relationship between steady-state transmission
and transient transmission when the refractive index of the ring
is altered. When φ of the ring is altered at t > 0, there is still
some portion of light which enters the ring at t < 0 traveling in
the ring. These lights will “memorize” φ of the ring at t < 0,
interfere with the output field when coupled to output waveguide,
and affect T(t). Before T(t) reaches the steady state, the output
field is oscillating described by e−iφ1t/τ and decaying described
by(ra)t/τ . Therefore, under high-speed modulation, it will take
some time for the ring to switch from T (φ0) to T (φ1). The
switching time is independent of electrical bandwidth and is
described by optical bandwidth in previous works [33].

In silicon photonics, the EO modulation mechanism is the
carrier dispersion effect, which means both the refractive index
and the loss term is altered during modulation [34]. In this case,
we can assume the parameter change can be written as:

φ(t) =

{
φ0 t ≤ 0

φ1 t > 0
a(t) =

{
a0 t ≤ 0

a1 t > 0
(10)

Then Eq. (3) should be rewritten as [28]:

B(t) = rA(t)−
∞∑

k=1

(
1

r
− r

)
(r)k

×
(

k−1∏

m=0

a(t−mτ)

)
e
−i

k−1∑

m=0
φ(t−mτ)

A(t−kτ) (11)

Using the same approach to deduce Eq. (9), we can also obtain
a compact formula to describe the transient transmission:

T (t) = T (φ1) + (T (φ0)− T (φ1))(ra1)
t
τ ei

φ1t
τ (12)

Eq. (12) reveals that after switching, the evolving rate of
T(t) is determined by parameters of the ring at t > 0, like
φ1, a1. Therefore, the transient transmission of the ring which is
switched from φ0 to φ1 is different from that which is switched
back from φ1 to φ0.

III. DISCUSSIONS

A. Modeling Verification

We set the parameters of the ring for simulations based on the
state-of-the-art ring to verify Eq. (9) by a reliable commercial
simulation software Lumerical Interconnect. The Q factor of the
ring with the radius of 5 μm is set as 104 in order to obtain an

Fig. 2. The comparison of transmission between analytical results calculated
by Eq. (9), and simulation results on Lumerical Interconnect under different
modulation phases: (a) [φ0, φ1] = [0, 0.02] (b) [φ0, φ1] = [0, 0.05] (c) [φ0, φ1]
= [0.005, 0.025] (d) [φ0, φ1] = [−0.005, 0.025].

approximated bandwidth of 20 GHz. The extinction ratio (ER)
of the ring can reach 20 dB. The loss in the ring is 5 dB/mm.

A comparison between simulation results on Lumerical inter-
connect and analytical calculation based on Eq. (9) on Matlab
is shown in Fig. 2. The operating speed is 10 Gb/s. The ring is
switched from φ0 to φ1 at t = 100 ps, then switched back from
φ1 to φ0 at t = 200 ps. Fig. 2 shows the transmission under
different phase conditions. We assume the ring has reached a
steady state before it is switched. Therefore, Eq. (9) is used
twice to describe rise and fall period, respectively. Fig. 2 reveals
that Eq. (9) fits well with the simulation results on Lumerical,
where the deviation is less than 1.4%.

The oscillating transmission in Fig. 2, known as “overshooting
effect” is observed both in experiments and in simulations in
previous works [35], [36]. The shape of the overshooting effect
depends on [φ0, φ1] we choose. When φ1 is small, there will be
only one peak in the rising period. When φ1 is relatively large,
the transmission will oscillate serval times before it reaches a
steady state. Fig. 2 reveals the oscillating transmission can be
predicted well by Eq. (9). In experiments, φ1 is often limited by
modulation amplitude of refractive index. However, to obtain
a large modulation depth, φ1 should be large and overshooting
effect will be commonly observed when the ring is used as logic
gates. When φ0 � 0, the transmission will also oscillate and
there will be dips during the rising period and falling period
(Fig. 2(d)). More quantitative explanation will be discussed in
following sections.

B. Switching Performance

The switching performance of microring modulator is crucial
to the accuracy and operating speed of an optical computing
system. To enable enough tolerance to noise and other effects
in computing, the modulation depth should be high enough to
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Fig. 3. Modulation depth (ER), rise time, fall time of an optical signal.

differentiate logic 0 and logic 1. The switching time of a single
ring will determine the operating speed of the whole system.
Even for a single ring, the switching performance will vary
according to different phases we choose to represent logic 0
or 1. We will focus on these switching properties of microring
resonators under different modulation conditions. It should be
noted that only optical dynamics contribute to these switching
properties and we do not consider the switching time of phase
changes for simplicity. One can use analytical models in [28] to
obtain switching performance contributed by both electronic ef-
fects and optical dynamics with the help of numerical softwares.

In this paper, we focus on four switching properties: modu-
lation depth, rise time, fall time, and total switching time. Mod-
ulation depth is the intensity difference between logic 1 s and
logic 0 s. The switching time of microresonators consists of two
terms: rise time and fall time. To set an analogy with electronics
logic gates [37], we define the rise time of microresonators as
the time required for the response to rise from 10% to 90% of
modulation depth. Similarly, the fall time is time required for the
transmission to change from 90% to 10% of modulation depth.
A schematic of these properties in an optical signal is shown in
Fig. 3.

Fig. 4 shows the colormaps about the switching performance
at different [φ0, φ1]. It contains 1600 modulation conditions
whenφ0/φ1 �[−0.02π, 0.02π]. Four properties including mod-
ulation depth, rise time, fall time, and total switching time
are illustrated. Such colormap is helpful for us to choose the
appropriate bias and amplitude.

Modulation depth can be calculated directly using static
model of rings ER = 20log(T (φ1)/T (φ0)). From simulation
results, one can find, the ER can be close to 20 dB even whenΔφ
is small (0.07π) thanks to the high Q factor. When Δφ is fixed,
the operating wavelength should be close to resonant wavelength
to have a large ER.

In the rising period, the transient transmission is dominated

by (ra)
t
τ e−i

φ1t
τ in Eq. (9). The output field intensity is doing

a damped oscillation. The damping time constant is − τ
ln(ra) ,

while the oscillating time constant is τ
φ1

. When the phase change
φ1 > −ln(ra), the rise time is dominated by φ1. On the other
hand, if ra is large, the rise time is dominated by ra. From

Fig. 4. Switching properties of the ring when φ0/φ1 �[−0.02π, 0.02π].
(a) Extinction ratio (b) rise time (c) fall time (d) switching time.

Fig. 4(b) we can learn the larger φ1 is, the shorter rise time
will be. However, from Fig. 4(b) we know the transmission will
oscillate serval times before reaching a steady state when φ1 is
large.

The fall time of the ring is often dominated by the damping
time constant − τ

ln(ra) . In order to obtain a deep modulation
depth, the ring should be on resonance when transmitting logic
0, which means φ1 = 2mπ, m is an integer. Because t/τ = N

is also an integer, e−i
φ0t
τ = 1, only the damping time constant

− τ
ln(ra) will dominate fall time. In Fig. 4(c), it can be shown

that when φ0= 0, the fall time is constant. In order to have a
large modulation depth, φ1 > −ln(ra), therefore the rise time
is often shorter than the fall time.

C. Cascading Logic

In an optical computing architecture, multiple rings/disks
modulators will be put in series to realize some complex logic
functions, which will bring some cascading issues. Unlike
MOSFET-based hardware, where repeaters and latches are avail-
able to prevent electrical signals from degradation during prop-
agation, optical logic signals inevitably decay and deteriorate
when passing through optical devices and waveguide. Therefore,
the noise and imperfectness of previous optical logic signals
will also propagate to next bit computing. When errors and
imperfectness accumulate, the logic of the output signal will
be deteriorated.

Here we investigate the cascading logic of microdisk modula-
tors, the Lumerical compact model of which is provided by AIM
Photonics PDK and parameters of the model are obtained from
experiments[38], [39]. Though the mechanism of microdisks
and microrings are similar, microdisks are more welcomed than
microrings modulators in optical computing because of smaller
footprint and lower power consumption [40].
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Fig. 5. Output power intensity of the disk when it is switched between V0 and
V1 periodically. The input power intensity is 1 mW. The modulation speed is
20 Gb/s. The output optical power intensity is shown in (a) time domain, (b)
wavelength domain. (c) Modulation depth of different wavelengths. Modulation
depths of operating wavelength (1549.94 nm) and wavelengths corresponding
to first harmonics sidebands (1549.84 nm, 1550.04 nm) are shown.

The first factor that will make logic signals imperfect is over-
shooting effect. As we can infer from Fig. 3, the transmission
after a continuous wave (CW) light propagates the first ring is
logically correct. However, the propagating light signal is not a
perfect square wave because of switching time and overshooting
effect. Because of the overshooting effect, the transient transmis-
sion T(t) can exceed the static transmission T (φ1) in the rising
period. What is worse, from Fig. 3, we can infer that the rise
time is much shorter than the fall time when the ER is high.
Therefore, the previous peaks caused by the overshooting effect
cannot be cut off if the microresonator is switching from 1 to
0. When multiple resonators are cascaded in series, and all of
them are switching from 0 to 1, the overshooting effect will be
serious.

Another factor that will make the logic signal nonideal is the
wavelength-dependent transmission of the rings or “sideband
effect”. After an ideal CW light with wavelength λ0 propagates
a ring modulated by digital signals, the modulated light with
output field intensity B(t) will have multiple sidebands in the
frequency domain, which can be described by:

F(e(−j2πf0t)B(t)) = B(f − f0) (13)

where F is the Fourier transform operator, B(f) is B(t) in
frequency domain, f0 = 2πc

λ0
. In the wavelength domain, Eq.

(13) means the modulated light e(−j2πf0t)B(t) has multiple
wavelengths. We define these wavelengths in addition to the
operating wavelength λ0 as sidebands. To each wavelength,
[φ0, φ1] will be different from each other. As we can see from
Fig. 4(a), the ER of a microresonator is highly dependent on
[φ0, φ1]with a quality factor of around 5000. As shown in Fig. 5,
output power intensities of the microdisk modulator in time do-
main and wavelength domain are shown. The disk is modulated
periodically at 20 Gb/s. From Fig. 5(c), one can find ERs of
sidebands are less than that of operating wavelength. Sideband

Fig. 6. (a) The schematics of 8-bit AND gate, output signal y = x1x2 …x7x8.
(b) Logic inputs and output waveforms. Operation speed is 10 Gbits/s. The
output result not using low pass filter is shown in blue dashed line. The output
result using low pass filter to filter the signal is shown in red solid line. Reference
line showing the logic threshold level is drawn by a black dashed line.

effect will reduce the intensity differences between logic 0 s
and logic 1 s, and the quality of optical waveform as well. The
transmission of a microdisk array will be worse than a simple
multiplication of constituent microdisks’ transmissions owing
to sideband effect. Sideband effect cannot be evaluated with the
dynamic model of a single modulator in previous works [28].
Instead, one needs to expand modulated light in the wavelength
domain, then use Eq. (12) to calculate the transmission of each
wavelength with corresponding [φ0, φ1], and finally, summarize
the output contributed by all sidebands as well as the operating
wavelength to obtain the actual transmission of microresonator
modulator arrays.

When the number of microresonators is relatively large, the
logic result will be deteriorated because of these two factors.
Shown in Fig. 6, eight disks are cascaded in an optical path.
The output logic is Y = X1X2X3 . . . X7X8. One can find that
when Y is switching from 0 to 1 or from 1 to 0, the rising
period and the falling period are not smooth. From 1100 ps to
1200 ps, as can be seen in the Fig. 6(b), a peak whose intensity
is higher than that of logic 1 signals appears while the current
logic of this bit should be 0. As a result, the output waveform
cannot convey logic correctly, while the waveform quality will
be worse at higher bitrate. In comparison, a single microdisk
modulator is capable of transmitting 25 Gbs NRZ data [39],
meaning sideband effect and overshooting effect will limit the
bandwidth of optical computing module consisting of multiple
cascaded microresonator modulators even when the EO time
constant is smaller than one bit period.
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Fig. 7. Transmission of electrical low pass (LP) filter used in this article. It is
a 4th order Bessel filter. The bandwidth of the filter is 5 GHz.

Fig. 8. The schematics of 8-bit AND gate, output signal y = x1x2 …x7x8.
Q-factor of each microresonator is 413.2. Logic inputs and operating speed are
the same with that in Fig. 6. The output result not using low pass filter is shown
in blue dashed line. The output result using low pass filter to filter the signal
is shown in red solid line. Reference line showing the logic threshold level is
drawn by a black dashed line. The bandwidth of the LP filter is 20 GHz.

Here we suggest adding a low-pass (LP) electrical filter at the
output in order to filter the peaks and dips caused by overshooting
effect and sideband effect. The transmission of the filter is shown
in Fig. 7. From Eq. (9), the time period of the overshooting effect
is much shorter than the time period of digital signals. Therefore,
peaks caused by overshooting effect can be eliminated by adding
a low-pass filter at the end of the output after (optical-electrical)
OE conversion. Further, high-frequency sidebands can also be
cut off by low-pass filters. The only negative effect is that the rise
time and the fall time of logic output will increase. In Fig. 6(b),
we perform an electrical LP Bessel filter after the photodetector.
One can find all 16 desired logic states have been realized.

Choosing an appropriate time to sample the logic output is
an alternative to enable correctness of cascading logic. We can
delay the time to read the logic and add some triggers after OE
conversion. One can obtain the eye diagram of the computing
module and the best sampling time can be set where the eye
opening is the biggest. In this way, only the regions where logics
are correct will be read so that logic outputs can be sent to the
next module without distortion or errors.

On the other hand, we conclude microresonators modula-
tors with low Q factors (∼30) are suitable for functioning as
EO logic gates, which can be found in previous works [41].
Shown in Fig. 8, the simulated output waveform is logically
correct without adding a low-pass filter under same logic inputs
and operating speed while Q-factor of each microresonator

modulator is reduced to 413.2. It is known that Q factor is
defined as [42]:

Q =
πngL

√
ra

λres(1− ra)
(14)

Eq. (14) reveals when sizes, propagating modes, and resonant
wavelengths of microresonators remain the same, ra would be
much smaller in rings with lower Q factor. Consequently, smaller
ra will lead to shorter fall time. According to Eq. (9), smaller ra
also means the overshooting effect will be reduced because the
transient term is decaying fast. The transmission of low Q-factor
microresonators is also less sensitive to wavelength deviations.
Therefore, both the overshooting effect and sideband effect will
be reduced by using low Q-factor microresonator modulators in
optical computing systems.

IV. CONCLUSION

We have presented a compact model to describe the switching
dynamics of microresonator modulators. The model is based on
the time-dependent transfer matrix and deduced by multiple-
round loop approaches. A compact analytical solution of the step
response of ring resonator modulator is presented. The solution
sets a relationship between static transmission and dynamic
transmission. Our model is verified subsequently by comparison
with Lumerical Interconnect simulation results.

We focus on switching properties of rings. Serval important
switching properties, including switching time, rise time, fall
time and extinction ratio are investigated under different mod-
ulation phase biases and amplitudes. Factors dominating these
behaviors are investigated and explained quantitatively.

Finally, we investigate computing systems where multiple
microresonators are linearly cascaded in an optical path. We
believe the overshooting effect and sideband effect of microres-
onators are two major effects deteriorating the output logic. We
simulate the performance of microdisk modulators provided by
current foundries. We suggest putting one low-pass electrical
filter after OE conversion can significantly reduce the cascading
problem and improve the waveform quality. We also believe a
microresonator modulator with a low Q factor will also reduce
cascading problems.

Overall, our compact dynamic model of microresonator mod-
ulators reveal their switching properties when they function as
EO logic gates. Ways to reduce cascading problems of rings
enable design of complicate computing architectures where
multiple rings are cascaded.
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